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ABSTRACT

In a previous publication, IAMS-2795, On the Computation of the

Transport of Radiation (1962), we obtained finite difference approxima-

tions to the transport equation by the method of characteristics. 1In
this paper that method is generalized to obtain completely conservative
difference equations. We also propose a method of frequency discreti-
zation which allows retention of a large part of the information ordi-
narily lost if the absorption coefficient is simply averaged. It is
shown that the difference equations behave correctly in the limit of

large or small absorption coefficient.






1. The Method

The transport of photons in a medium which is in local thermody-
namic equilibrium and in which scattering can be neglected is described

by the transport equation:

1 9 -
(? S+ O > N = o(B - N) (1.1)
where N = N(r,t,aiv) is the specific photon intensity at the space time
point (r,t) in the direction Ei at the frequency v. B is the Planck

function

-1
3
B(T,v) = 2%'_ (th/lﬂ' _1>
c

T= T(r,t) is the temperature of the matter. The sbsorption coefficient
o depends on temperature and frequency. T and N are further related by

the energy balance eguation:

?—: - Lwd<kﬁ -dea)>dV

aER @ (1.2)

= - -5-,5+div

where

ER = \/;w av % L/‘Ndw



- ]
F = f av f N&aow
0
EM = materisl energy density
Iet the transport operator be
1 9 -
L= E— 6%- 4+ WV
We will discuss only two cases: the slab,

L=1zsa§+“é§r‘ | (1.3)

and the sphere,

19 3 .1 -u2
L=cssg*rst Y (1.%)

The parameter p varies from -1 to 1 and

1
dea)= 2:tf Ndau
1

1
ch'B’dw = an Nudp
1

To obtain g difference aspproximetion to the transport equation we
shall treat the left and right sides of (1.1) separately. The require-
ment that the equations be conservetive will determine the left side ap-
proximation, and the need for correct limiting behavior will determine
the right side. This approach was suggested to us by [2].

To obtain an approximate operator L for L, we appeal to the method

of discrete ordinatés as formulated by Carlson and Lathrop in [1].




We urge the reader to consult that report for motivation and details.
Here, we shall only write down the appropriate T in the notation of [1].

For a given lattice of points (ri,ti,um), and for any function f(r,t,un),
let

bl = f
i (ri’ts-l-%’um)
fs = % ri-*%’ts’ um)
= t
£l f(ri_‘%, s%_,um%)

Then for the slab,

= Noyq =Ty N =Ny
v = cAt T - r, (1.5)
i+ i

with auxiliary condition

Noq + Ns = Ni+1 + Ni (1.6)

See [L] for a discussion of the stability of this scheme.

For the sphere

N = Ney1 = T . (Ai+1Ni+1 B AiNi) . am-i%—Nmt% " Ozm-%Nm-z
= T oAt " v A
. (1.7)
with auxiliary conditions
g FNG =N+ N =N N (1.8)
where L
L 4x 3 3
V= 3 \Fi+1 r)
2
Ai = lx Ty



and the 0's are non-negative and satisfy

ms  m—s um(AiH ~ Ai)

Vﬁh v

(1.9)
=0

a% =aM

I\-)To-a

The cosines M, are chosen symmetric about zero, and the weights L sat-

isfy

2 wh = 2

Zwmum= 0 (1.10)
2_ 2

Z'me'm" 3

It follows from (1.5), (1.7), and (1.9) that
IN = (N, - NQ) (1.11)

where NP and NQ are linear combinations of N's at mesh points, each with

non-negative coefficients adding up to one, For example, in the sphere,

if un >0
KA a 1
1 1+1 m=
i
oAt Ve .+ v Vet Vel Nmi%
Ny, = ™
P
I T R
cht v Vwm
LAN o]
g ¢ ii, mdy
cAt s v Vwp  m-3
N =
A
Q 1, HA, . am_%
cAt A W
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Let us now turn to the right side of (1.1). Introduce the char-

acteristic parameter s, where

g% +w * VvV

Q=

g
ds

Then on any characteristic curve s
S n
- ! - c ds
fo o ds 5 fs'
N(s) = N_. e + \/P OB e ds!
0 0

Let Q be some point in the (r,u,t) space. ILet s(Q) = 0, and measure off

along the characteristic through Q a positive length As. Then

\/;AS o(B - N)ds = N, (%

where NO is N at Q.

Ass
fO o ds - o ds'

AOs s
-1> f ds

(1.12)

The following approximate form is assumed for o and B:

A
°. © = s < 2?
o(s) =
As
— < <
0+ ’ 5> S s < Os

B(s) =



Split the last term of (1.12) into two parts

fffA

In the last part replace o by c+ and in the first part replace o by o_.
(The latter is not quite correct, but any more accurate recipe will lead

to complications.) With the assumed form of B we find that

As - As

As -/ o ast + 2
f oBe ds =B, |1 ~e€
+
0
As

0—- _o As
B 4 2 + ]
JAY:] 1
+D |7 ¢ "o+<1'e )

1.1
~ =0 % -0_ As ( 2

+ B e -e ]

- -g = -0

+D_ L;ﬁe -2 --&1—<e i -e-c-%]

As A__s
2

Now, in (1.1) we will replace o(B - N) by

1 As
s f o(B - N)ds

o]
as computed above., Then
As As
f 0 o ds ) As -f s © ds
As 7(1\1P - NQ) = N <e -1 )+ oBe ds

It turns out for the slab that the linear combinations in NP and

NQ define two points on the same characteristic and that the distance

-10-




between these points is 7-1, i.e.

N. =N
@ 0 (1.14)
Ds = 7-1

This is not the case for the sphere, but we will nevertheless make this

assumption as an approximation. Thus

N_=N e

P Q

As As
-fo o ds A8 -fo o ds’
+f oBe ds (1.15)
0

The sbove is the generalized characteristic difference equation.
It differs from the equation considered in [3] in that NP and NQ are now
defined so‘as to conserve photons.

Turning to the problem of frequency discretization, let

v
Ng=f & Nav

v

g

Then -f o as'

v 1 v 1 As s
ﬁ:j\y N e i[g+ oBe as
P v Q v
g

Little can be done about the first integral above except to introduce

some mean cg, giving
5 8 "
'fg o-ds Vel pds 'fs' o ds
NG = NE e +f f oBe ds' (1.16)
P Q v 0
g

We propose that the last term in (1.12) be computed "exactly”, as follows:

-11-




The quantities D represent g-‘z-, so let

D= .dé = 92 aB = B aB
T ds s or r
We will in fact write
5= < Eﬁ
)+T3 ds
Introduce the following functions

&g =fB(T) dy

-o(T)Eﬁ
g =fB(T) e av
As Bs
[ [As (3 1 (, o) 2)]
g2 = ol e - ;('_TT -e dv

[ -a('r)% -o(T)As
e

- e ]dv

wla @ 0% -U(T)AB
o [Bl%- (- J o

&
Taar

Note that these functions depend on one more parasmeter than do the func~

tions now tabulated in transport codes,

If in (1.13) we make the correspondence

P e+

Qe -




then (1.16) becomes
Np = &5 8§ + g(P) + g (P) + D g (P)
(1.17)
+ GB(Q) + EQ, 81}(9')

There still remains the actual specification of the gk(P), gk(Q),
and 5'p, 'ﬁQ. This will be determined by the requirement that we obtain a
diffusion approximation for large o, so we leave this point to the next
section,

The only remaining point here is the energy balance equation, but
we only need to note that

2nz Z ng L
angle g

is our approximation to

Euf“dvf1 du(laN-HI)"'VN)
0 -1 e 5%

end therefore the energy balance has to be

OE
e v = - I gyat
27 VAtZ Z IN Wm f '3-_E-dv (1.18)
angle g space~time
cell

We now have a completely conservative difference scheme in the fol-
lowing sense: L is a locally conservative difference operator, and the ex-
change of energy between the radiation field and the matter as expressed
in the approximate transport equation is exactly matched by the exchange

of energy in the energy balance equation. A price has been paid for



this, for we can no longer guarantee that the intensity at each mesh
point is positive, since the auxiliary conditions (1.6) involve an ex-
trapolation. We feel this is not serious, because as we shall see in
the next section we obtain the correct behavior for large o, Any nega-
tive intensities encountered should be kept during one time step and
then set to zero before proceeding to the next step. Another problem
that arises is that our equations may have a very poor truncation error,

particularly at the center of a sphere.

2. ILimiting Forms

(a) Thick sphere. This is taken to mean that

e-dAs B=oO

at all frequencies., Then from (1.17) using one frequency' interval
Ny = gO(P) + Dng(P) (2.1)

Iet £ stand for any one of 8yr &ys Dge, 35, and Dgh. Let Ps’ Pi’
and Pm_*_%_ be the (r,t,n) points corresponding to N, N, Nm+%’ and let

PS

i,m - (ri’ts’“m) °

Now, NP is a linear combination of N's at certain diamond points.

For example, we might have

NP=aNs+1 +bNi+1 +0Nm+é-

Then we define £(P) in (1.16) as the same linear combination, in this

case

f(P) = a f(Ps_H) +b f(Pi+1) +c f(Pm_l_%) (2.2)

“1le




4

(

In addition, N satisfies the auxiliary conditions (1.8). If

_1 s+1 s+1 s+1 S+1 ‘
f(Pyyq) = L L 1+1 ,mq) t( 1,m+—$> + !<P 141 ,m-‘k) + ‘(Pi,mré—)]

1 s+1 s+1 ) 1( 8 )]
£(Pry) = 1 | APy ,m+—2> ‘( Fin ,m+~> f( Piet,m-d/ * N\Fia,m-3
{6 ) )+ €020 + ]

i+1 gixe i+1 S, +5 i,me3

then f will also satisfy the auxiliary conditiong. It now follows by in~

(2.3)

~

f(P %)

duction that

v ) 80( : s+1

s+1

s+1 S+1 ) (2.4)

and so on forN+1, M 1

It is ~on:l.y necessary to arrange that (2.3) hold when e-cAS B is
zero. Therefore As can be held fixed at the value given by (1.14). The
£( P:,m _P%) will be multiple-valued, the value depending on which cell

adjacent to P: n4l 18 belng considered, except when e %% B - 0. The

’ 2
remaining varisbles are defined as follows:

Let T be given at cell centers and integral times, i.e,

i+-§-

s _1(ms s
Ti —2<Ti+'%+Ti—%>

Whenever B(T) appears in f£( Pi . ) substitute T° for T. Whenever o
st5 1

Let

appears substitute

-15-



1 s\ s
] ["i-% (Ti) * O (Ti>
Whenever D appears use one of the following:
( it%) ( 1~—>
3 Hpal AT
&y

[£> <-1>+u <1+;> <Q.] (2.6)
s,

In the above we have used the fact that

5 dTh= 1 . >
ypo 48 Lo cat Py

(2.5)

or

u
In (2, 5), 3-— is omitted, which will lead to the usual diffusion approxi-

mation.

From (2.3) and (2.4) we have (with 2.5)
4 s
a.c 1 s+1 s+1
New1 %z * 3 [( i+1> + (T )] (2.7)
g s+1 g s+1 ) ( s+1 > < s+§>
(u i Hy 1)
i+1

—s+1

where

-1
~g+1 OB 2
o = [f X 5 A d"]

Oi.',%"'o"%

16




v = 22 1[G ()]
o [0 o) G- ()]

-=s+1
i+1 i+1

(2.8)

ac1

it Yoed

There is no need to write Nm L for it drops out of the energy balance.
2
If we arrange that

)

1
Hp = 3 (pm+—é— ¥ Hpd

then using (2.7) and (2.8) with (1.7), (1.10), and (1.18)the reader

can see that we have an implicit diffusion approximation.

(b) Thin sphere. This is taken to mean that for any function
P(U))
[ ote) av = [ 12(0) + (030} av

We will not attempt to give the precise limiting form in this case, but
will only indicate what 1s happening. First, it follows from (1.17) and

the definitions of the &, that if N{incoming) is zero then

N, = o(o)

and therefore that N , N,, and N_ , are O(o). Then from (1.11)
s 1 m+>

2¢ VAt L IN W =21 VAt z (as )'1 (NP

W As 5
=on VAt & fdvf oBds + 0(o%)
S 0

- NQ) v

Now,



1 }Z v As
z [ 5sJ,

represents an averasge value of 0B. Admittedly it is not an average
which one would ordinarily choose, but it is a legitimate average. Thus,
the energy balance is
bz VOt (oB) - f OBy
average ' datav
space-time

cell
which is the correct form.

3. Solving the Eguations

For a given temperature distribution (1.17) and the auxiliary con-
ditions form a linear system that is easily solved. For example; in the

slab let r, be the left boundary, Ty
0 i
conditions will be that Ni is given for M > 0, Ni given for 8 < 0.
0 1
If ts is the initial time then Ns is also given., IT we start with the

the right boundary. The boundaxy

0 0
cell (:rio,rio+1 ), (tso’tso”) for p_ >0, in (1.17) NQ is known and

(1.17) and (1.6) determine N + We continue sweeping to the

N
)
io+1 so+1

right until all Ni(um > 0) are computed. A similar sweep from right to

left determines all Ni(u < 0), and all the N
m s°+1
the next time cyele could start if the temperatures were correct.

are also now known, so

Some sort of iteration is necessary to obtain the temperature st
the new time ts+1. The following is one possibility., First, in the
functions g change verisbles from V to u = hv/KTs This brings out a

factor Th in 8gr &7 and 33, and a factor T3 in &, and &), which cancels

=18«




the T) in the denominator of 5. Each D contains a difference of fourth
powers of Te These should be factored into a difference of T's times a

cubic polynomial in T, The other Th should be written as TTB. For the

interval (ri,ri+1) we now have the form

s+1 s+1 s+1
= d. + c .
Ny il TR Ti-% 1+1 T1+—21— *%.3T8 - (3.1)

where a, b, ¢, d,and g5 still depend on Ts+1, and d depends on N, Then

T 8. s+1 s+1 s+1
2nvAt }: E: L, = Di+% + Ai-é Ti-% + B1+% Ti+% + 03 T3
.angle g (5.2)

By linearizing the contribution from the material energy the entire

energy balance equation can be made tri-diagonal in Ts+1.

1

Iet T be the previous iterate for rS+ . Replace Ts+1 by T in (3.1),

and solve for all the N, and also compute the coefficients A, B, C, D by
accumulating the appropriate sums, Solve the linearized energy balance

equation for TS+1. It is important that (3.1) be computed as it is writ-

335; otherwise, loss of significance in computing differences of Tu
will cause trouble. The iteration should be repeated until good energy
conservation occurs, |

The proposed iteration will work well in thick or near thick prob-

lems, It 1s liable to be slow in thin problems,
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